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1. INTRODUCTION 

With advancements i n  space f l i g h t  technology, a new gene ra t ion  of 

aerospace v e h i c l e s  w i l l  soon come i n t o  service.  

t o  have l i f t i n g  c a p a b i l i t y ,  can ope ra t e  as a s a t e l l i t e  f o r  an extended 

per iod o u t s i d e  a p l ane ta ry  atmosphere, and upon accomplishing i t s  mission 

can e n t e r  t h e  atmosphere and use i t s  aerodynamic maneuverabi l i ty  t o  r each  

a p resc r ibed  region be fo re  performing a n  approach and landing on an air- 

f i e l d  l i k e  a n  ordinary a i r p l a n e .  

Such a v e h i c l e ,  designed 

The p o r t i o n  of t h e  t r a j e c t o r y ,  s t a r t i n g  a t  t h e  top of t h e  s e n s i b l e  

atmosphere and ending a t  a p o i n t  a t  low a l t i t u d e  and low speed where ap- 

proach and landing procedures can be in i t i a t ed - - the  e n t r y  t r a j e c t o r y - - i s  

t h e  most c r i t i c a l  p o r t i o n  of t h e  f l i g h t  path.  It i s  during t h i s  phase of 

f l i g h t  that t h e  speed i s  reduced from o r b i t a l  speed a t  h igh  a l t i t u d e  t o  

subsonic speed a t  low a l t i t u d e .  

energy, t h e  dece le ra t ion ,  dynamic p res su re  and hea t ing  rate a l l  vary 

markedly. 

have accu ra t e ,  y e t  simple formulas expressing t h e  behavior of d i f f e r e n t  

t r a j e c t o r y  v a r i a b l e s  and p h y s i c a l  q u a n t i t i e s  a s s o c i a t e d  w i t h  the t r a j e c t o r y .  

During this  r a p i d  decrease i n  t h e  k i n e t i c  

It i s  important f o r  prel iminary design o r  mission planning t o  

For p l ana r  e n t r y  t r a j e c t o r i e s ,  t h e r e  e x i s t  s e v e r a l  a n a l y t i c a l  t h e o r i e s  

w i t h  va r ious  degrees of s o p h i s t i c a t i o n .  Mathematically, one of t h e  b e s t  

t h e o r i e s  i s  Chapman's theory f o r  analyses  of p l a n e t a r y  e n t r y  (Ref. 1). 

In  Chapman's formulat ion,  the p a i r  of equations for p lana r  e n t r y  i n t o  a 

p l a n e t a r y  atmosphere is  reduced t o  a s ing le ,  o rd ina ry ,  nonl inear  d i f f e r e n -  

t i a l  equa t ion  of the second order  by disregarding t w o  r e l a t i v e l y  
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small terms and by introducing a certain mathematical t ransformation.  

equation is  i n t e g r a t e d  numerically f o r  d i f f e r e n t  cases of e n t r y  and t h e  

funct ions obtained,  c a l l e d  t h e  Z-functions, are t abu la t ed  (Ref. 2) .  An 

outstanding f e a t u r e  i n  Chapman's theory i s  t h a t  t h e  t abu la t ed  d a t a  of t h e  

Z-functions are u n i v e r s a l  i n  t h e  sense t h a t  every s o l u t i o n  determines t h e  

motion and hea t ing  of a v e h i c l e  of a r b i t r a r y  weight ,  dimensions, and shape 

en te r ing  a p l ane ta ry  atmosphere. 

The 

A major de f i c i ency  i n  Chapman's theory i s  t h a t ,  because of h i s  two 

main assumptions, t h e  equat ions der ived are only approximate, and t h e  ap- 

p l i c a t i o n s  are r e s t r i c t e d  t o  e n t r y  t r a j e c t o r i e s  w i t h  s m a l l  f l i g h t  pa th  

angle o r  s m a l l  l i f t - t o - d r a g  r a t i o .  

Recently,  t hese  r e s t r i c t i v e  assumptions have been s u c c e s s f u l l y  re- 

moved. A set of exac t  equat ions f o r  three-dimensional e n t r y  t r a j e c t o r i e s  

has been developed using modified Chapman v a r i a b l e s  t o  perform t h e  mathe- 

mat ical  t ransformation (Refs. 3 - 6 ) .  

In  t h i s  r e p o r t  t h e  method of d i r e c t l y  matched asymptotic expansions 

i s  applied t o  t h e  exact  equat ions f o r  three-dimensional e n t r y  i n  terms of 

t h e  modified Chapman v a r i a b l e s ,  r e s u l t i n g  i n  a n  a c c u r a t e  a n a l y t i c a l  solu- 

t i o n .  

has  proved t o  be f e a s i b l e  and e f f e c t i v e  i n  previous,  more r e s t r i c t e d ,  ap- 

p l i c a t i o n s  (Refs. 7 - 10) .  Now, app l i ed  t o  t h e s e  exac t  equat ions,  a power- 

f u l ,  useful  s o l u t i o n  appears.  

The two-regime approach of d i r e c t l y  matched asymptotic expansions 

The equations of motion f o r  three-dimensional f l i g h t  about a nonrotat-  

i ng  sphe r i ca l  p l ane t  and i n s i d e  of i t s  atmosphere, assumed t o  be a t  res t ,  

are derived i n  Sect ion 2.  The exac t  dimensionless equat ions using a s e t  

of modified Chapman v a r i a b l e s  are der ived i n  Sec t ion  3.  I n  Sect ion 4 ,  
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t hese  equat ions a r e  transmuted i n t o  a form most s u i t a b l e  f o r  an a n a l y t i c a l  

i n t e g r a t i o n  using t h e  method of matched asymptotic expansions. 

s o l u t i o n s ,  one v a l i d  i n  t h e  outer  region where t h e  g r a v i t a t i o n a l  f o r c e  i s  

predominant, and t h e  o the r  v a l i d  i n  t h e  iraar reg ion  vhere the  aerodynamic 

f o r c e  i s  predominant, are obtained. 

and the  composite s o l u t i o n ,  uniformly va l id  everywhere, i s  constructed.  

The two 

The two s o l u t i o n s  are matched d i r e c t l y  

2 .  BASIC EQUATIONS OF MOTION 

The v e h i c l e  i s  considered a s  a mass po in t ,  with constant  mass m , 
The atmosphere surrounding moving about a nonro ta t ing  sphe r i ca l  p lane t .  

t h e  p l ane t  i s  assumed t o  be a t  rest and the  c e n t r a l  g r a v i t a t i o n a l  f i e l d  

i s  the  usua l  inverse  square fo rce  f i e l d .  

-+ 
r ( t )  = pos i t i on  vec tor  

v ( t )  = ve loc i ty  vec to r  
-+ 

The i n i t i a l  r e f e rence  frame OXYZ is the  p lane t - f ixed  system wi th  

0 a t  t he  center  of t h e  g r a v i t a t i o n a l  f i e l d .  The OXY plane i s  r e f e r r e d  

t o  a s  t he  e q u a t o r i a l  plane (Fig. 1 ) .  

+ 
The p o s i t i o n  vec tor  r i s  defined i n  t h i s  p l ane tocen t r i c  system by 

i t s  magnitude r , i t s  longi tude  0 , measured from the  X-axis, i n  t h e  

e q u a t o r i a l  plane,  p o s i t i v e l y  eastward, and i t s  l a t i t u d e  4 , measured 

from t h e  e q u a t o r i a l  plane,  along a meridian, and p o s i t i v e l y  northward. 

+ 
The v e l o c i t y  vec to r  V is  expressed i n  terms of i t s  components i n  

a r o t a t i n g  coord ina te  system Oxyz 

p o s i t i o n  v e c t o r ,  t h e  y-axis i n  the  equa to r i a l  p lane  p o s i t i v e  toward t h e  

d i r e c t i o n  of motion and orthogonal t o  t he  x-axis ,  and the  z-axis completing 

such t h a t  t h e  x-axis i s  along the  
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a r i g h t  handed system (Fig.  1 ) .  L e t  y be  the  angle  between t h e  l o c a l  

ho r i zon ta l  p lane ,  t h a t  i s  t h e  plane passing through t h e  v e h i c l e  and para l -  

l e l  t o  t h e  Oyz plane, and t h e  v e l o c i t y  vector  3 . The angle  y i s  

termed the  f l i g h t  pa th  angle  and i s  p o s i t i v e  when 

t a l  plane.  L e t  $ be t h e  angle  between t h e  l o c a l  p a r a l l e l  of l a t i t u d e  

+- 
V i s  above t h e  horizon- 

+- 
and t h e  p ro jec t ion  of V on the  hor izonta l  plane.  The angle  $ i s  termed 

t h e  heading and i s  measured p o s i t i v e l y  i n  t h e  right-handed d i r e c t i o n  about 

-+ 
t h e  x-axis .  L e t  , $ , and k be t h e  u n i t  vec to r s  along t h e  axes of 

t h e  r o t a t i n g  system Oxyz . W e  have 

+- f r =  r i  

and 

The system Oxyz is obtained from t h e  system OXYZ by a r o t a t i o n  9 

about t h e  p o s i t i v e  Z-axis, followed by a r o t a t i o n  4 about t h e  nega t ive  

y-axis.  Hence t h e  angular  v e l o c i t y  Q of the r o t a t i n g  system Oxyz i s  
-f 

? -f 
W e  deduce t h e  t i m e  d e r i v a t i v e  of t he  u n i t  v e c t o r s  I , J , and k 

with r e spec t  t o  t h e  i n e r t i a l  system OXYZ 

de  +- a=&+- d t  (cos+ i + ( s in4  -1 d t  k 
+- 

de  +- 
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The equat ions of motion of t h e  vehicle are 

-f = v  - d g  
d t  

and 

(2.7) 

-+ -f -f 
where g is  t h e  a c c e l e r a t i o n  of g r a v i t y  and t h e  f o r c e s  L and D are 

t h e  l i f t  and t h e  drag. 

g is  simply 

Expressed i n  components a long t h e  r o t a t i n g  axes,  

-+ 

+- 
g 

-+ 3 
The drag D i s  always oppos i t e  t o  t h e  v e l o c i t y  v e c t o r ,  wh i l e  t h e  l i f t  L 

i s  orthogonal t o  i t .  

t h e  vector  D 

Hence, based on Eq. (2.3), w e  have immediately f o r  

+- 

+- -f 3 = - (Dsiny) 1 - (Dcosycos$) j - (Dcosysin$) k (2.9) 

+- +- 
I n  planar  f l i g h t ,  t h e  vec to r  L i s  i n  t h e  (; , V) plane and t h e r e  

i s  no l a t e r a l  aerodynamic fo rce .  

vec to r  L about t h e  v e l o c i t y  v e c t o r  V w e  c r e a t e  a la te ra l  component of 

By c o n t r o l  a c t i o n ,  i f  we r o t a t e  t h e  

-+ -+ 

t h e  l i f t  f o r c e  t h a t  has t h e  e f f e c t  of changing t h e  o r b i t a l  plane.  

so lve  the l i f t  I, i n t o  components along t h e  r o t a t i n g  axes,  w e  r e f e r  t o  

Fig.  2 .  The v e r t i c a l  p l ane  considered i s  t h e  (; , V) plane.  Assume t h e  

vec to r  L i s  r o t a t e d  ou t  of t h i s  p l ane  through a n  ang le  u . The ang le  

u which i s  t h e  angle  between t h e  v e c t o r  L and t h e  (; , V) plane w i l l  

To re- 
+- 

3 

-+ 

-+ -+ 

be r e fe r r ed  t o  as the  r o l l ,  o r  t h e  bank, angle .  The l i f t  is  decomposed - +- 
i n t o  a component Lcoso i n  t h e  v e r t i c a l  p l ane  and or thogonal  t o  V and 

___t 

a component Lsinu orthogonal t o  t h e  ve r t i ca l  plane.  L e t  x '  , y '  , 

and z '  b e  t he  axes from t h e  p o s i t i o n  M of t h e  v e h i c l e ,  p a r a l l e l  t o  
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the r o t a t i n g  axes x , y , and z . L e t  xl , Y 1  9 and 2 1  be 

the axes from t h e  po in t  M , along the  d i r e c t i o n  of Lcosa , 

and Lsina , r e spec t ive ly .  The system Mxlylzl i s  deduced from t h e  

system Mx'y'z' by a r o t a t i o n  $ i n  t h e  h o r i z o n t a l  p lane ,  followed by 

a r o t a t i o n  y i n  the v e r t i c a l  p lane .  Hence, w e  have the  t ransformation 

matr ix  equation 

3 ,  __t - 

or 

cos$ -s in$ -siny cosy 0 

= 1: s in4  c o s j  1 0 0 1 

- s i n $  

cos$ 

cosy s iny 

cosycosJl 

cosy s in$  

1 X 

Y1 1 z1 

(2.10) 

-+ Since t h e  components of L i n  the  M x  1 1 1  y z system a r e  x1 = Lcosa , 
-+ 

y1 = 0 , z = Lsina , w e  deduce t h e  components of L along t h e  system 1 

Mx'y'z' , o r  what is  t h e  same, along t h e  r o t a t i n g  system Oxyz 

-+ -+ t 
L = (Lcosacosy) i - (Lcosasinycos$ + Lsinosinq)  J - 

(2.11) -+ - (Lcosasinysin$ - Lsinacos$) k 

-+ 
Now, i f  w e  take t h e  d e r i v a t i v e  of r , a s  given by Eq. (2.21, using 

-+ 
Eq.  (2.5) f o r  t he  d e r i v a t i v e  of i , w e  have 

(2.12) 

By s u b s t i t u t i n g  i n t o  Eq.  (2.6) and us ing  Eq.  (2.3) f o r  t h e  components of 

V , we have t h r e e  s c a l a r  equat ions  
-+ 
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= V s i n y  d r  

d t  
- 

de vco s y  co SJI - =  
d t  rcos+ 

d$ 
dt r 

Y c o s y s in$ - =  

(2.13) 

(2.14) 

(2.15) 

These equat ions  are the kinematic equations.  

On the o the r  hand, i f  w e  t ake  the de r iva t ives  of the v e l o c i t y  vec tor  

+- 
V , as given by Eq. (2.3) , us ing  the Eqs. (2.5) f o r  t h e  d e r i v a t i v e s  of 

f t the u n i t  vectors 1 , J , and , and subsequently the Eqs. (2.14) 

and (2.15) f o r  d8/dt  and d+/d t  , we have 

d? dV 2 2  - = Isiny - + vcosy - cos y l  1 d t  d t  d t  r 

d$ dy Vcosysin$ - d t  dV Vsinycos$ - - d t  + ~cosycos$  dt - 

-f 
2 

(siny - cosysin$tan+) ] j (2.16) v cosycosJl 
r + 

dV dY * 
d t  + [cosysin$ - - Vsinysinq - + VcosycosJI d t  d t  

2 -+ 
( s h y s i n $  + cosycos $tan$)] k 

2 
; v cosy 

r 

By s u b s t i t u t i n g  i n t o  Eq. (2.7),  and using t h e  Eqs. ( 2 . 8 ) ,  (2 .9) ,  and (2.11) 

f o r  the components of g , D , and L , w e  have three scalar equat ions 
-+ -f + 

s iny  - g (2.17) - cosacosy - - dV 
d t  d t  r m m 

dy V 2 2  cos y - - L D s iny  - + Vcosy - - 

2 
cosy E - vsiny ~ - Vcosytan$ + w ( s i n y  - cosysin+tan+) d t  d t  d t  r 

cosasiny - - sinatan$ 

(2.18) 

- - cosy L 
m m m 

= - -  

2 
cosycos $tan+) 

sin$ 

2 
dy Vcos d$ V cos  - Vsiny - + 2 - + d ( s i n y  + cosy d t  d t  tan$ d t  r 

(2.19) 
Lsina D L 

m mtan$ m cosasiny + - - - cosy = - -  
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Solving f o r  t h e  d e r i v a t i v e s  dV/dt , dy/dt  , and d$/dt , we have 

th ree  scalar equat ions,  t h e  f o r c e  equat ions,  

gsiny D dV 
d t  m 

- - - - _ _  

L V2 Y 2 = - COSU - gcosy + - cosy m r 
2 Ls i n 0  

mcosy r cosycosqtan4 a 5 - - -  
d t  

(2.20) 

(2.21) 

(2.22) 

The s i x  equat ions,  Eqs .  (2.13) - (2.15),  and (2.20) - (2.22) are t h e  

exact equat ions of motion f o r  f l i g h t  over a s p h e r i c a l ,  nonro ta t ing  p l ane t  

w i th  i ts  atmosphere a t  rest. 

3 .  DIMENSIONLESS EQUATIONS USING MODIFIED CHAPMAN VARIABLES 

I n  the equat ions of motion der ived i n  Sect ion 2 ,  t h e  aerodynamic 

l i f t  and drag are now assumed t o  be 

1 2 
= 5 PSCLY 

D = - 1 pscDv 2 
2 

where CL and CD are t h e  l i f t  and t h e  drag c o e f f i c i e n t s ,  assumed inde- 

pendent of t h e  Mach number and t h e  Reynolds number i n  t h e  hyperveloci ty  

regime. The d e n s i t y  of t h e  atmosphere, p , i s  assumed t o  be  a known 

funct ion of t h e  r a d i a l  d i s t a n c e  r . For each f l i g h t  program, t h e  con- 

t r o l  functions CL , CD and u are p resc r ibed  f u n c t i o n s  of t h e  t i m e ,  

and the  i n t e g r a t i o n  of t h e  system of s i x  equat ions of motion r e q u i r e s  pre- 

s c r ib ing  t h e  six i n i t i a l  va lues  f o r  t h e  s ta te  v a r i a b l e s .  In a d d i t i o n ,  f o r  

a given v e h i c l e ,  t h e  parameter S/m must a l s o  be  given.  
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For a planar trajectory with constant angle of attack, with the ini- 

tial point taken as the origin for measuring the range, that is with 

= 0 , it is seen, by izspection of the equations of motion, that the 'i 
following quantities must be prescribed: 

a/ For the vehicle and flight parameters 

SCL/m and SCD/m C3 2) 

or equivalently 

SCD/m and CL/CD c3 3) 

b/ For the initial conditions 

and y ( 3  4 )  r i ¶ vi i 

By a very ingenious coordinate transformation, Chapman has introduced 

two dimensionless variables defined as (Ref. 1) 

vcosy - 
u =  
6 (3.5) 

where B is the atmospheric density height scale defining the atmosphere 

through the differential relation 

dP = - B(r)dr 
P 

Through the transformation (3.5) and through some simplifying assumptions, 

Chapman has reduced the basic equations of motion to a single nonlinear 

differential equation with Z as the dependent variable and u as the 
- - 

independent variable. Chapman's equation is 

( 3 . 7 )  -2 4 cL 3 cos y + 6 - cos y = 0 
cD 

- 
- d  d?T Z 1 - u  

- -  11 -(- - -) - 
.- 

du du u u z  
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w i t h  t h e  f l i g h t  p a t h  ang le  y obtained from 

- - -  dZ = G siny - -  (3 e 8) 
du u 

The varying quan t i ty  r e n t e r s  t h e  equat ions a s  t h e  product Br . I n  

t h e  lower a l t i t u d e s  of p l ane ta ry  atmospheres, where aerodynamic f o r c e s  

are e f f e c t i v e ,  the q u a n t i t y  Br osci l la tes  about a mean value.  The 

f l i g h t  parameter appears i n  Chapman's equat ion,  Eq. (3.7), as t h e  l i f t - t o -  

drag r a t i o  CL/CD . Furthermore, f o r  e n t r y  t r a j e c t o r i e s ,  s i n c e  t h e  i n i -  

t i a l  value of z i s  n e a r l y  zero,  only t h e  i n i t i a l  va lues  u and y i 

need be s p e c i f i e d  f o r  t h e  i n t e g r a t i o n  of Chapman's equat ions.  Hence, f o r  

a given atmosphere, w i th  Br considered as cons t an t  (e .g . ,  f o r  the E a r t h  

- 
i 

Br = 900), Chapman can i n t e g r a t e  numerically h i s  equat ions and t a b u l a t e  

t h e  r e s u l t s  f o r  each set of va lues  of CL/CD , ui , and y 

Tables of t he  z func t ions  (Ref. 2)  can be used f o r  any v e h i c l e  of a r b i -  

- 
These i o  

t r a r y  weight, dimensions and shape e n t e r i n g  the s p e c i f i e d  p l ane ta ry  atmo- 

sphere.  Furthermore, a l l  the phys ica l  q u a n t i t i e s  during e n t r y ,  such as 

dece le ra t ion ,  dynamic p res su re ,  hea t ing  rate,  and heat t r a n s f e r  r a t e ,  can 

be e a s i l y  obtained as simple func t ions  of t h e  v a r i a b l e s  Z , u and y . - - 

The major de f i c i ency  of Chapman theory i s  t h a t ,  because of h i s  two 

main assumptions, namely t h a t  

a/ t h e  percentage change i n  d i s t a n c e  from t h e  p l a n e t  c e n t e r  i s  

s m a l l  compared t o  t h e  percentage change i n  t h e  h o r i z o n t a l  component of t h e  

v e l o c i t y  , t h a t  is 

and 

d (Vcosy) IF1 << 1 vcosy I (3.9) 

b/  t h e  q u a n t i t y  (C,/C,) tany i s  s m a l l ,  t h a t  is 



tany - cL 

cD 

L3 

<< 1 (3.10) 

t h e  v a l i d i t y  of Chapman's numerical ana lys i s  is  r e s t r i c t e d  t o  t r a j e c t o r i e s  

with s m a l l  f l i g h t  pa th  angle ,  o r  t r a j e c t o r i e s  w i t h  s m a l l  l i f t - t o - d r a g  

r a t i o .  

These r e s t r i c t i o n s  have been removed by de r iv ing  t h e  exac t  equations 

f o r  three-dimensional r e e n t r y  using a s e t  of modified Chapman v a r i a b l e s  

(Refs. 3 - 6 ) .  Chapman's assumptions (a) and Cb) , Eqs. (3.9) and (3.10) , 
- 

imply t h a t  t h e  independent v a r i a b l e  u i s  monotonically decreasing. This 

is  only t r u e  f o r  t h e  last  po r t ion  of t he  t r a j e c t o r y  s i n c e  a t  high a l t i t u d e  

u i s  o s c i l l a t o r y ,  and i n  t h e  l i m i t ,  f o r  f l i g h t  i n  t h e  vacuum, u i s  
- - 

pure ly  pe r iod ic  (Ref. 5). To avoid this d i f f i c u l t y  t h e  following dimension- 

less v a r i a b l e  i s  introduced as the  independent v a r i a b l e  

L V  s = (;) COSY d t  
0 

(3 11) 

The v a r i a b l e  is  s t r i c t l y  inc reas ing  as long as cosy > 0 , a condi t ion 

which i s  always s a t i s f i e d  f o r  e n t r y  a t  constant  l i f t - t o - d r a g  r a t i o ,  and 

f o r  a l l  phys i ca l ly  rea l i s t ic  en t ry  t r a j e c t o r i e s .  For t h e  equat ions,  

2 2  v cos y 
!3= 

u =  
(3.12) 

PSCD z = -  
2m 

Expressed i n  terms of t h e  o r i g i n a l  Chapman v a r i a b l e s ,  w e  simply have 

(3.13) 
U 

The new v a r i a b l e s  l e a d  t o  a set of d i f f e r e n t i a l  equat ions i n  a simpler 

form allowiiig a complete q u a l i t a t i v e  d i scuss ion  of the three-dimensional 

r e e n t r y  t r a j e c t o r y .  
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We s h a l l  p re sen t  below a s l i g h t l y  d i f f e r e n t  d e r i v a t i o n  of the exact 

dimensionless equat ions from t h e  one given i n  Ref. 5. 

F i r s t  , by e l imina t ing  the time, by d iv id ing  Eqs. (2.14) , (2.15) , and 

(2.20) - (2.22) by Eq. (2.13) , w e  have 

cos$ - d0 
d r  rcos$tany 
- -  

*=.i.JI 
d r  r t a n y  

2 
dV2 
d r  m s  iny 

P SC,V 
- 2g - -  - -  

1 psc cosu !x= L -L+- 

&!k= L 

d r  2msiny 2 r t any V tany 

cos$ t an+ pSC s i n a  - 
d r  2msinycosy r t any  

Next, from Eq. (3.11), using Eq. (2.13),  we have 

(3.15) d s  d s  d t  1 
d r  d t  d r  r t any 

Hence, using t h i s  equat ion,  we  can rewrite t h e  Eqs. (3.14) with s as 

independent var i a b  1 e 

- = - - = -  

de cos$ 
d s  cos+ 

9 = s in$  d s  

rpSCDV dV2 
d s  mcosy 

rpSC cosa 

_ - -  - 

2 

- 2grtany - =  - 

+ (1 -E) 
2mcosy V2 

*= L 

* =  L 

ds 2mcos y 

d s  

r p S C  s inu  
- cos+tan@ 2 

(3.14) 

(3.16) 
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Using t h e  Chapman formulation, t he  v a r i a b l e  V2 

i a b l e  u , whi le  the  r a d i a l  d i s t a n c e  r i s  replaced by t h e  v a r i a b l e  Z . 
By t ak ing  t h e  d e r i v a t i v e  of 

w i t h  r e s p e c t  to s using an inverse-square l a w  f o r  t h e  a c c e l e r a t i o n  of 

t h e  g r a v i t y ,  w e  have 

i s  replaced by t h e  var- 

u , as defined by t h e  f i r s t  equat ion (3.12),  

2 2  2 2 & - cos y dV 2V sinycosy + V cos2y 
d s  g r  d s  g r  ds 2 d s  

- 
g r  

(3.17) 

Using the  d e f i n i t i o n  (3.12) f o r  u and Z , w i t h  t h e  appropr i a t e  deriva- 

t i v e s  from Eqs .  (3.15) and (3.16),  w e  have the d i f f e r e n t i a l  equat ion f o r  

U 

1 (3.18) s iny  cL 

cD 2& z 
I 1  + (-1 cosatany + - -  du - -  2 G  zu 

ds  cosy 

On t h e  o the r  hand, by t ak ing  the  d e r i v a t i v e  of Z , as def ined by the  

second Eq. (3.12) , w i t h  r e s p e c t  t o  s , we have 

(3.19) 

where B ’  = dB/dr . 
A s  discussed i n  R e f .  3,  the term i n  parentheses i n  equat ion (3.19) i s ,  

1 f 3 ‘  f o r  t h e  l o c a l l y  exponent ia l  atmosphere of equat ion (3.6),  1 - - + - . 
2Br 282 

For a n  isothermal  atmosphere Br2 i s  constant and t h i s  term becomes 

. For a s t r i c t l y  exponential  atmosphere t h i s  term i s  1 dp 3 
pB d r  2Br 

. F i n a l l y ,  f o r  an atmosphere with Br cons tan t ,  t h i s  term i s  1 1 - -  
2Br 

1 dp 1 - - - - _  dr Br . I n  a l l  t hese  cases t h e  direct  dependency on r i s  of 

t h e  form Br . In f a c t ,  f o r  Earth,  where Br is  about 900 , t he  term 

i n  ques t ion  w i l l  be u n i t y  t o  a high degree of accuracy. A s  analyzed i n  
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Refs.  3 and 5,  t h e  equat ions w i t h  Br as a constant  may s t i l l  j u s t i f i a b l y  

be  considered exact. 

F ina l ly ,  t h e  d i f f e r e n t i a l  equat ions f o r  y and J ,  , written i n  terms 

of the  dimensionless v a r i a b l e s  are, r e s p e c t i v e l y  

(3.20) 

and 
2 

I dJ, & Z 'L cos ycosJ,tan+ 

ds cos  y 'D 
[ (-) s i n a  - -E- 

z 2 
(3.21) 

In  summary, t h e  exact equat ions of motion f o r  t h r e e  dimensional f l i g h t  

i n  an isothermal atmosphere, using modified Chapman v a r i a b l e s  are 

3 _ -  dZ - - Br(1 - -1 Ztany 
d s  2Br 

where 

1 2 J ~ r  zu(l s iny - -  + Xtany + du - -  
ds cosy 2 6  z 

2 
3 = &[A + 2 x ( 1 -  =)I 

U 
G Z  d s  cosy (3.22) 

de cos$ 
d s  cos4 

- 

_ -  '' - s i n +  
d s  

2 
* = m ( g -  cos ycosJltan4 

J B 7 ; Z  2 
ds cos y 

s inu (3.23) 6 = -  cL cL 

cD 'D 
cosa , = -  

It may be observed t h a t ,  al though t h e  equa t ions  are der ived f o r  three-  

dimensional f l i g h t ,  t he  f i r s t  t h r e e  equat ions are decoupled from t h e  las t  

t h r e e  equations. 

f o r  Br , f o r  constant  l i f t - t o - d r a g  r a t i o  and cons t an t  bank ang le ,  X 

Hence, by using only t h e  assumption of constant  value 

is  t h e  only f l i g h t  parameter t h a t  needs t o  be  s p e c i f i e d .  For each X , 
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with s p e c i f i e d  i n i t i a l  cond i t ions  u i 9 Yi , and Zi = 0 , t h e  f i r s t  

t h r e e  equat ions (3.22) can be  i n t e g r a t e d  and Tables of t h e  Z func t ions  

can b e  generated.  

removed, t h e  new Tables are v a l i d  f o r  three-dimensional f l i g h t  without  

any r e s t r i c t i o n  concerning t h e  f l i g h t  pa th  angle and t h e  l i f t - t o - d r a g  

r a t i o .  

Since Chapman's two rest r ic t ive assumptions have been 

Reference 5 p r e s e n t s  a q u a l i t a t i v e  and q u a n t i t a t i v e  a n a l y s i s  of t hese  

equations.  

s o l u t i o n  t o  t h e  complete set  of t h e  exac t  equations of motion. 

equat ions are i n t e g r a t e d  by t h e  method of matched asymptotic expansions. 

The r e s u l t s  of i n v e s t i g a t i o n  corroborate  the assessment i n  Ref. 5 that  

t h e  assumption of a constant  Br i s  ve ry  accu ra t e .  Hence, t h e  equat ions 

( 3 . 2 2 )  wi th  Br = cons tan t  can be considered as t h e  e x a c t  equat ions f o r  

r e e n t r y ,  and Tables of t h e  Z funct ions based on t h e  new equat ions should 

provide accu ra t e  d a t a  f o r  analyses  of planetary e n t r y .  

It is  t h e  purpose of t h e  present work t o  o b t a i n  an a n a l y t i c  

These 

4 .  SOLUTIONS BY DIRECTLY MATCHED ASYMPTOTIC EXPANSIONS 

I n  t h i s  a p p l i c a t i o n  of t h e  method of matched asymptotic expansions, 

t h e  s o l u t i o n s  are obtained sepa ra t e ly  fo r  a n  o u t e r  r eg ion ,  near  t h e  

vacuum, where t h e  g r a v i t y  f o r c e  i s  predominant, and f o r  an inne r  r eg ion ,  

near  t h e  p l a n e t a r y  su r face ,  where t h e  aerodynamic f o r c e  is  predominant. 

Hence, t h e  a l t i t u d e  is  t h e  appropr i a t e  independent v a r i a b l e  s e l e c t e d  f o r  

t h e  i n t e g r a t i o n .  

L e t  y be t h e  a l t i t u d e  and l e t  subsc r ip t  -f. denote t h e  r e fe rence  

a l t i t u d e ,  taken a t  sea l e v e l .  Then 

r (1 + h)  ( 4 . 1 )  
= r t + y  = -t. 
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where t h e  dimensionless a l t i t u d e  h i s  def ined as 

The d i f f e r e n t i a l  r e l a t i o n  between s and h i s  

dh 
(1 + h)  tany d s  = ( 4 . 3 )  

For t h e  i n t e g r a t i o n ,  we adopt a s t r i c t l y  exponent ia l  atmosphere, bu t  t h e  

general  method can b e  app l i ed  t o  any more real is t ic  atmosphere such as, 

f o r  example, t h e  one proposed i n  Ref. 7. For an exponent ia l  atmosphere 

h - -  
( 4 . 4 )  

E 

e 
-BY = P = p.t e 

where 

( 4 . 5 )  

Since t h e  constant  firT 

Brt = 900 , t h e  parameter E i s  a s m a l l  quan t i ty .  By t h e  d e f i n i t i o n  

( 3 . 1 2 )  of Z 

i s  l a r g e ,  e . g . ,  f o r  t h e  Ea r th  atmosphere 

W e  de f ine  t h e  b a l l i s t i c  c o e f f i c i e n t  

For each v e h i c l e ,  B i s  s p e c i f i e d  and t h e  v a r i a b l e  Z i s  obtained from 

h - -  
Z = B  /me E 

E ( 4 . 8 )  

By t h i s  r e l a t i o n ,  t he  f i r s t  Eq.  ( 3 . 2 2 )  can be  d e l e t e d ,  and w e  w r i t e  t he  

o the r  equations wi th  t h e  dimensionless a l t i t u d e  h as  independent v a r i -  

a b l e  



1 9  

h 
- =  du - u -  2Bu(l + Atany) e E 

dh (1 + h) Esiny 

- -  

de cos$ 
dh (1 + h) cos$tany 
- =  

it= s in$  
dh (1 + h) tany 

h - -  
E B6 e + - cos$ t an$ 

dh (1 + h) tany Esinycosy 
dJI = - 

W e  have defined 

q = cosy 

(4.9) 

(4.10) 

Also,  we recall the  d e f i n i t i o n  of t he  f l i g h t  parameters 

(4.11) cL 

cD cD 
coso , 6 = - sino A = -  cL 

The E q s .  (4.9) are i n  a s u i t a b l e  form f o r  numerical i n t e g r a t i o n  

f o r  f l i g h t  i n s i d e  an atmosphere. For an a n a l y t i c a l  s o l u t i o n  of the re -  

e n t r y  t r a j e c t o r y  using t he  method of matched asymptotic expansions, w e  

s h a l l  use a more convenient form using some elements of t he  o r b i t  as i n t r o -  

duced i n  c e l e s t i a l  mechanics, s i n c e  these elements a r e  constants  of t he  

motion f o r  f l i g h t  i n  a vacuum. 

AS seen i n  Fig.  3,  i f  I i s  the  i n c l i n a t i o n  of t he  plane of t he  os- 

c u l a t i n g  o r b i t ,  t h a t  i s  the  (; , $) plane, s2 the  longi tude of t h e  as- 

cending node, and ci the  angle  between the  l i n e  of the  ascending node 

and t h e  p o s i t i o n  v e c t o r ,  w e  have t h e  following p e r t i n e n t  r e l a t i o n s  from 
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Fig. 3. The Osculating Plane and t he  

Orbital Elements. 



2 1  
s p h e r i c a l  tr igonometry 

cos$cos+ = cos1 

tan$ 
tan1 s i n @  - Q) = 

cosa = cos$cos(9 - $2) 

These r e l a t i o n s  are independent. We can e a s i l y  deduce 

s i n $  = s i n I s i n a  

tan$ s i n +  = - tana 

s i n +  = sinIcos(9 - Q) 

(4.12) 

(4.13) 

Using t h e s e  r e l a t i o n s ,  w e  r e p l a c e  t h e  v a r i a b l e s  9 , $ , and J, by 

t h e  new v a r i a b l e s  a , Q , and I . The Eqs. (4.9) now become 

h _. - -  
2Bu(l + Atany) e E - du U 

dh (1 + h) E s iny 
- =  - 

The E q s .  

- -  
da 1 Bdsina e E - - =  
dh (1 + h) tany EtanIsinycosy 

h - -  
BGsina e E - _ -  dR 

dh EsinIsinycosy 

h 
d I  B6cosa E 

dh Esinycosy 

- -  
e _ -  - 

(4.14) 

i .14) are most s u i t a b l e  f o r  an ,- i tegration us-.ig t h e  method 

of matched asymptotic expansions. We n o t i c e  t h a t ,  once t h e  elements a , 

jl , and I are  known, w e  o b t a i n  t h e  o r i g i n a l  v a r i a b l e s  8 , $ , and + 
from 
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t an (8  - n) = cosItancl 

s i n +  = sinIsinci 

tan$ = coscitan1 

4.1 Outer Expansions (Keplerian Region) 

(4.15) 

The Eqs. (4.14) are expressed i n  terms of the o u t e r  v a r i a b l e s .  The 

outer  expansions are introduced t o  s tudy t h e  l i m i t i n g  cond i t ion  of the 

s o l u t i o n  i n  t h e  r eg ion  near  t h e  vacuum where t h e  g r a v i t a t i o n a l  f o r c e  is  

predominant. 

which i s  def ined as the l i m i t  when E + 0 w i t h  t h e  v a r i a b l e  h and 

other dimensionless q u a n t i t i e s  he ld  f ixed .  

They are obtained by repeated a p p l i c a t i o n  of t h e  o u t e r  l i m i t ,  

W e  assume t h e  following expansions 

u = uo(h) + €ul(h) + . . . 
q = qO(h) + Eql(h) + . . 
ci = cio(h) + Eal(h) + . . . 
52 = Oo(h) + EQl(h) + . . . 
I = Io(h)  + EIl(h) + . . . 

By s u b s t i t u t i n g  i n t o  Eqs. (4.14) and equat ing c o e f f i c i e n t s  of l i k e  power 

i n  E , t h e  d i f f e r e n t i a l  equat ions w i t h  zero o r d e r  of E are 

uO 

90 

- =  - 
dh ( 1  + h) 

2 
40 

(1 - -) - -  - -  dqO 

dciO 1 

( 1  + h) uO dh 

- =  
dh (1 + h)  tanyo 

- =  dQO 0 

- d10 

dh 

- 0  dh 

(4.16) 

(4.17) 
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The s o l u t i o n  of t h i s  system is 

c1 uo( l  + h)  = 

- =  1 

90 

h, - C 2 ( l  + h) 2 2 

u = 1 + m c o S ( c ( *  - C3) 
0 1 2  

(4.18) 

no = c4 

I o  = c5 

.) where t h e  Ci are cons t an t s  of i n t eg ra t ion .  The f i r s t  and h ighe r  order  

s o l u t i o n s a r e  a l l  equal  t o  zero because a t  high a l t i t u d e ,  i n  t h e  l i m i t  

t h e  atmospheric d e n s i t y  is  zero and t h e  motion i s  Kepler ian.  

4.2 Inner  Expansions (Aerodynamic-Predominated Region) 

The inne r  expansions are introduced t o  s tudy  t h e  l i m i t i n g  cond i t ion  

of t he  s o l u t i o n  near  t he  p l ane ta ry  su r face  where the  aerodynamic f o r c e  is  

predominant. They are obtained by repeated a p p l i c a t i o n  of the inne r  l i m i t ,  

which i s  def ined as t h e  l i m i t  when E + 0 w i t h  t h e  new s t r e t c h e d  a l t i -  

tude 
- h h = -  

E 

and t h e  o t h e r  dimensionless q u a n t i t i e s  held f ixed .  

We assume t h e  following expansions 

- . . .  - -  
u = uo(h) + Eul(h) + . . . 

.... 
. . -  - 5  

a = ao(h) + Ecil(h) + 
- . .  - -  

n = n0(h) + EQl(h) + . . . 

(4.19) 

(4.20) 

I = Io(h)  + EI1(h) + . . . 
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By substituting into Eqs. (4.14) and equating coefficients of like powers 

in E , the differential equations with zero order of E are 

2Bu0(1 + Atanyo) -i 
- = -  - e .., 

dh - s iny 

dh - ... - 
B6sinao -h - -  - -  - .., - e  

- 0 0 0  dh 

- =  - .., .., - e  
dh sinI 0 -  sinyocosy 

BGcosao -;1 
- - e  

0 0  

dc10 - 
tan1 siny cosy 

- 
B6sindo -h 

- 0 

d10 - =  

dh shy cosy 

The solution of this system is 

- .., 

-h .., 

+ c2 qo = XBe 

- - - 
sincl sinI = sinC3 0 0  

- - - .., 

coscl 0 = c0sc3c0s(c4 - RO) 
I 

- - 6 ll yo .., 

COSI 0 = cosc 3 cos{, log[tan(x + T)] + c51 

(4.21) 

(4.22) 

- 
where the C are constants of integration. 

j 
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4.3 Asymptotic Matching and Composite Expansions 

... 
The cons t an t s  of i n t e g r a t i o n  5 i n  the inne r  expansions w i l l  be 

determined by matching w i t h  t h e  o u t e r  expansions. In t h i s  problem, 

matching i s  accomplished by expanding the  inner s o l u t i o n s  f o r  l a r g e  
.., 

h , 
expressing the r e s u l t s  i n  terms of t h e  outer  v a r i a b l e s  and matching w i t h  

the  ou te r  s o l u t i o n s  f o r  small h . 
The o u t e r  s o l u t i o n s ,  Eqs.  (4.18), become f o r  s m a l l  h 

uo = c1 

40 - 
- 

c1 - 1 
a. = cos-l(  1 + c3 (4.23) 

Go = c4 

Io = c5 

... 
On t h e  o t h e r  hand, t h e  inne r  s o l u t i o n s ,  Eqs .  (4.221, become f o r  l a r g e  h 

- - - -2 2 -1- 
c23 uo - ClC2 exp[- - cos x 

... ... 
90 = c2 

... ... - 
3 s i n a  s i n 1  = sinC 0 0  

- - .., 

4 - "1 cosa = C O S C  cos(c 0 3 

cos; = cost  cos(- 6 log[tan(- n 1  + - cos-1i2)~ + 
0 3 A  4 2  

(4.24) 
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.-. 
Matching E q s .  (4.24) with Eqs.  (4.23) provides the constants C in terms 

of the constants C . We have 
j 

j 

- 
c1 = 

c2 - 
- - 

.-. 

sin C = 3 

Hence, the 

stants C 
j 

/ c1 
4 2  - c1c2 

c1 - 1 
sinc sin[cos-'( 1 + c31 

v q 2  
5 

c1 - 1 - - 
) + c I/cosC31 + c4 cos l{cos[cos-l( 3 

(4.25) 

- ' c1 rI -1 /2 - c1c2 ) ]  
-1 6 

cos [cos~~/cos~ 1 - - log[tan(- + - cos 3 x 4 2  

- 
constants C are expressed explicitly in terms of the con- 

. Substitution into E q s .  (4.22) gives the inner solutions. 
j 

It is convenient to use the following notation t o  write these solutions 

in a symmetric form. Let 

- 
u* - 

cos y* = 
/ J 2 - c1c2 

- 1  
sin I$* = sinC sin[cos 5 (4.26) 

41 - c;c2 
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The cons t an t s  w i t h  s u b s c r i p t  * are e x p l i c i t  func t ions  of t h e  cons t an t s  

C j  . Then t h e  inne r  s o l u t i o n s  are 

-.. 3 -  

0 2 uo cosLy 
- = 2 =PIhCY* - Y0)l 
u* cos y* 

- -h 
cosy = cosy, + ABe 0 

.., .., 

sincl s i n 1  = sin$, 0 0  (4.27) 

- - 
6 I I y  rI y* -cos (-1 = - log[tan(- + -%/ tan(% + TI] 

c o d *  -1 0 cos1 -1 
cos$* cos$* A 4 2  

cos (- 

The E q s .  (4.27) show that during the phase of aerodynamic f o r c e  

predominant turning,  t h e  l a t i t u d e  4 and the long i tude  8 remain constant .  

The las t  equation gives  t h e  change i n  the heading $ during that phase .  

The composite expansions, v a l i d  everywhere, can b e  cans t ruc t ed  by 

t h e  method of a d d i t i v e  composition. The a d d i t i v e  composition i s  

obtained by taking the  sum of t h e  inner and the o u t e r  expansions, 

E q s .  (4.27) and 4.18) , and sub t r ac t ing  t h e  p a r t  they have i n  common 

( t h e  i n n e r  l i m i t  of t h e  ou te r  expansions o r  t he  o u t e r  l i m i t  of t h e  

i n n e r  expansions),  Eqs. (4.23) o r  (4.24). Thus, f o r  t he  v a r i a b l e s  

u and y, using s u b s c r i p t  c f o r  the composite s o l u t i o n ,  

(4.28) 

I - -  h 
E + ABe 

u* 
2 2 2 cosy = COSYA / 

j   COS y,(1 + h) + (u* - ZCOS y,) (1 + h)  C 
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For t h e  angular  v a r i a b l e s  ct , Q and I , w e  have 

c1 - 1 
ct = cto + io - c3 - cos-? 1 

2 C J: - c,c, 
5 

- c4 Qc = clo + Qo (4.29) 

5 

- c5 I = I  + I o  c o  

- 
Hence, from equat ion (4.23), w e  have immediately I = Io , and 

C - 
-1 C O S I ,  6 II yo  II y* 

cos1 = cos$*cos~cos (--- ) + 7 l og [ t an ( - -+  4 2  -)/tan(-+ 4 , ) I >  
C cos$* 

(4.30) 

I 

For the  angle  Q = Qo , we can use t h e  second Eq. (4.12) t o  have 
C 

-1 tan$* 
Q = 8, - s i n  [- 1 

C t a n I c  (4.31) 

where I i s  given by Eq. (4.30). 
C 

F i n a l l y ,  t h e  ang le  ct i s  given by 
C 

-1 sin$* COSY* u* 
3 + cos- l [  (l+h - 111 [sinI 2 Lf + (1 - 2u*) cos y, 

c1 = s i n  c 
C 

(4.32) 

cosy*(u* - 1) 
- cos- l [  1 

2 Lf + (1 - 2u*) cos y* 

The composite s o l u t i o n s  are expressed e x p l i c i t l y  i n  terms of t h e  

constants  of i n t e g r a t i o n  u, , y, , $* , 8, and I, . For the  

computation i n  terms of the  independent v a r i a b l e  h , t h e  ang le  yo 

i s  f i r s t  ca l cu la t ed  from the second Eq. (4.27). Subsequently, we  have 

- 

and IC , and then cl C and ct C . c ’ yc 
U 
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4.4 The Composite So lu t ions  I n  Terms of t h e  I n i t i a l  Conditions 

For t h e  i n i t i a l  condi t ions t o  be s a t i s f i e d  i d e n t i c a l l y ,  t h e  f i v e  con- 

s t a n t s  of i n t e g r a t i o n  Cj , o r  equ iva len t ly  the f t v e  cons t an t s  with 

s c r i p t  * , as def ined by Eqs. ( 4 . 2 6 ) ,  are t o  be evaluated by using 

sub- 

t h e  

composite s o l u t i o n s .  L e t  t h e  condi t ions a t  h be i 

(4.33) i u = u  , y = y i , " = "  , R = L , I = I  i i 

Using these  cond i t ions  i n  the  composite s o l u t i o n s ,  t h e  cons t an t s  u* , 
y* , I$* , 0* , and I, are obtained upon so lv ing  a set of transcen- 

d e n t a l  equat ions which can only be done numerically. Another o b s t a c l e  

arises when, as is a common p r a c t i c e ,  i n  order t o  reduce t h e  number of 

p re sc r ibed  i n i t i a l  va lues ,  one takes t h e  i n i t i a l  
+ -+ 

(ri , V.) p lane  as t h e  
1 

r e fe rence  OXY plane. I n  doing s o  w e  have c1 = 0 , and I i =  0 , i 

b u t  when I = 0 , t h e  long i tude  of t h e  ascending node R i s  n o t  def ined 

as evidenced by Eq. (4.31). This s i n g u l a r i t y  can always be avoided by 

r o t a t i n g  t h e  OXY plane through a f i x e d  and a r b i t r a r y  a n g l e ,  s a y  45" 
3 

about t h e  r axis. Then t h e  i n i t i a l  condi t ion a t  hi is  i 

u = u i , y = y i  , ai = 0 , Ri = 0 , Ii = 45" (4.34) 

The equ iva len t  cond i t ion  f o r  t h e  va r i ab le s  0 , $ and JI is  

ei = 0 , I$i = 0 , J I .  = 45" (4.35) 
1 

F i n a l l y ,  i t  should be noted t h a t  the composite s o l u t i o n s  f o r  u and 

y , Eqs. ( 4 . 2 8 )  remain unchanged f o r  the planar  case. For t h e  p l ana r  

case, w i t h  t h e  motion along t h e  equa to r i a l  plane,  t h e  v a r i a b l e  c1 i s  t h e  

same as the long i tude  8 , The composite s o l u t i o n  f o r  0 can be  seen 

t o  be 
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COSY* u* 
8 = cos-lr  (l+h - 111 + W* (4.36) 

2 2 J,* + (1 - 2u*) cos y* 

where w* is  a constant  of i n t e g r a t i o n .  The t h r e e  cons t an t s  of i n t eg ra -  

t i o n  u* , y* and w* i n  Eqs.  (4.28) and (4.36) f o r  t h e  p l ana r  case 

O i  a r e  evaluated using the i n i t i a l  cond i t ions  ui , yi , and 

5. CONCLUSIONS 

For a s p h e r i c a l ,  nonrotat ing p l a n e t  w i th  a s p h e r i c a l l y  symmetric, 

but otherwise a r b i t r a r y ,  atmosphere the  exact  equat ions f o r  three-dimen- 

s i o n a l ,  aerodynamically a f f e c t e d  f l i g h t  have been der ived.  The equat ions 

a r e  transformed using modified Chapman v a r i a b l e s  i n t o  a set s u i t a b l e  f o r  

a n a l y t i c  i n t e g r a t i o n  using asymptotic expansions. 

The s o l u t i o n s  by asymptotic expansion are obtained as an inne r  ex- 

pansion i n  the  aerodynamically dominated r eg ion ,  and an ou te r  expansion 

i n  the g r a v i t a t i o n a l l y  dominated region.  

The inner  and ou te r  expansions are  matched d i r e c t l y ,  and a composite 

s o l u t i o n ,  v a l i d  everywhere, i s  constructed by a d d i t i v e  composition. 

This method of d i r e c t l y  matched asymptotic expansions h a s  provided 

highly a c c u r a t e  and u s e f u l  s o l u t i o n s  t o  less gene ra l  atmospheric trajec- 

t o r y  equations,  Ref. 7. I n  t h a t  work ex tens ive  numerical c a l c u l a t i o n s  

demonstrated the accuracy compared w i t h  exac t  numerical  s o l u t i o n s .  

The behavior of  t h e  exact  e n t r y  equat ions w a s  examined i n  Ref. 5. 

The method of d i r e c t l y  matching t h e  inne r  and o u t e r  expansions f o r  a t -  

mospheric e n t r y  t r a j e c t o r i e s  w a s  proven v a l i d  f o r  some r e s t r i c t e d  prob- 

l e m s  i n  Refs. 8 - 10.  
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This report has accomplished the wedding of the exact atmospheric 

trajectory equations, using the modified Chapman variables, with the 

method of directly matched asymptotic expansions and provides an analy- 

tical solution which should prove to be a powerful tool f o r  aerodynamic 

orbit calculations. 
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